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ABSTRACT 
 
Analysis of the Size Effects on the Pseudoelastic Behavior of Shape Memory Alloy 
Micro-pillars. (May 2012) 
 
Edwin Alexander Peraza Hernandez 
Department of Aerospace Engineering 
Texas A&M University 
 
Research Advisor: Dr. Dimitris C. Lagoudas 
Department of Aerospace Engineering 
 
Size dependent properties of Shape Memory Alloys (SMAs) in micro and nano scales 
have gained an increasing attention due to the existing and potential applications of 
SMAs in microelectromechanical systems (MEMS) and small scale biomedical devices. 
Such applications exploit the pseudoelastic and shape memory properties of SMAs. In 
order to enhance the applicability of SMA micro and nano structures, the size 
dependency of the thermo-elastic behavior of SMAs should be understood. In this study, 
the dependency of the pseudoelastic behavior of Nickel-Titanium (NiTi) micro-pillars on 
their diameter was analyzed. Isothermal compression experiments from literature of bulk 
and micro-pillars were analyzed to determine the critical transformation stresses for 
different pillar diameters. The analysis of experimental data shows that the critical 
transformation stresses increase as the micro-pillar average diameter decreases. The 
relations between the critical transformation stresses and the average pillar diameter 
were represented using power functions. It was assumed that the elastic modulus and 
Poisson’s ratios of the austenite and martensite phases, the transformation strain 
  iv 
parameters, and the stress influence coefficients were unaffected by the micro-pillar size. 
Parametric studies were performed using the finite element analysis to find the effects of 
the taper angle and the aspect ratio on the micro-pillars behavior. Comparisons of the 
results found from finite element simulations and experiments show that the model 
accurately predicts the pseudoelastic response of bulk and micro-pillars. The results of 
the parametric studies show that the hysteresis of the compression response decreases as 
the taper angle increases. The effect of the micro-pillar diameter on the compression 
response is less significant for micro-pillars of higher aspect ratios and higher taper 
angles. 
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NOMENCLATURE 
 
𝐴 Power function parameter 
𝐴𝑓 Austenitic finish temperature at zero stress 
𝐴𝑠    Austenitic start temperature at zero stress 
𝐵 Power function parameter 
𝑏 Body forces 
𝑏𝐴 Parameter for polynomial model 
𝑏𝑀 Parameter for polynomial model 
𝑐 Specific heat capacity 
𝐶 Power function parameter 
𝑐𝐴 Specific heat capacity of austenitic phase 
𝑐𝑀 Specific heat capacity of martensitic phase 
𝐶𝐴 Stress influence coefficient of austenite 
𝐶𝑀 Stress influence coefficient of martensite 
𝐷 Average pillar diameter 
𝐸𝐴 Elastic modulus of austenite 
𝐸𝑀 Elastic modulus of martensite 
𝑓 Hardening function 
𝐹 Reaction force 
FIB Focused ion beam 
𝐺 Specific Gibbs free energy 
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𝐻𝑚𝑎𝑥 Maximum attainable transformation strain 
𝐿 Pillar length 
MEMS Microelectromechanical systems 
𝑀𝑓 Martensitic finish temperature at zero stress 
𝑀𝑠    Martensitic start temperature at zero stress 
𝑛�    Unit vector normal to the body surface 
𝑟 Radial coordinate  
𝑆 Compliance tensor reduced to a scalar for 1-D uniaxial  
 loading 
𝑺 Compliance tensor 
𝑺𝐴 Compliance tensor of austenite 
𝑺𝑀 Compliance tensor of martensite 
𝑠0 Specific entropy at reference state 
𝑠0
𝐴 Specific entropy of austenite at reference state 
𝑠0
𝑀 Specific entropy of martensite at reference state 
SEM Scanning electron microscope 
SMA Shape memory alloy 
𝑇    Temperature 
𝑇0 Reference temperature 
𝑢    Displacement 
𝑢0 Specific internal energy at reference state 
𝑢0
𝐴 Specific internal energy at reference state 
  x 
𝑢0
𝑀 Specific internal energy at reference state 
𝑢1    Defined displacement 
𝑌    Critical value for thermodynamic force to cause  
transformation 
𝑧    Distance from origin parallel to the axisymmetric axis 
𝜶 Thermal expansion coefficient tensor 
𝜶𝐴 Thermal expansion coefficient tensor of austenite 
𝜶𝑀 Thermal expansion coefficient tensor of martensite 
𝛾 Shear strain 
𝛤𝑖 Body surface 
𝜀 Uniaxial total strain 
𝜺 Infinitesimal strain tensor 
𝜺𝑡 Transformation strain tensor 
𝜺𝑡−𝑟 Transformation strain at the reversal of phase  
 transformation 
𝜀?̅?−𝑟  Effective transformation strain at the reversal of phase 
 transformation 
𝜃 Angle in the reference axisymmetric axis 
𝜦 Transformation tensor 
𝜇𝑖 Model parameters for polynomial model 
𝜉 Total martensitic volume fraction 
𝜋 Thermodynamic force conjugated to 𝜉 
𝜌 Mass density 
  xi 
𝜎 Uniaxial stress 
𝝈 Cauchy stress tensor 
𝜎𝐴𝑓 Completion stress for reverse transformation into austenite 
𝜎𝐴𝑠 Initiation stress for reverse transformation into austenite 
𝜎𝑀𝑓 Completion stress for forward transformation into  
 martensite 
𝜎𝑀𝑠 Initiation stress for forward transformation into martensite 
𝝈′ Deviatoric stress tensor 
𝜎�′ Mises equivalent effective stress 
Ф Transformation function 
𝛺 Solid body region 
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CHAPTER I 
INTRODUCTION 
 
A trend showing the need for material multifunctionality in small scale devices has 
emerged over the last years [1].  This trend is clearly revealed by the intensive amount of 
research that has been performed in multifunctional materials such as piezoelectrics, 
magnetostrictives, electrostrictives, thermoelectrics, shape memory polymers, and SMAs 
[2]. These materials are part of a family of materials called active materials. Active 
materials exhibit couplings between diverse forms of energy [1]. For instance, SMAs 
show coupling between mechanical and thermal energies. One distinctive property of 
SMAs is their reversible solid to solid phase transformation from a high temperature 
phase known as austenite to a low temperature phase known as martensite, each with a 
different crystal structure and therefore different properties. This transformation does not 
occur by diffusion of atoms, but rather by shear lattice distortions [3]. 
 
In addition to thermally induced phase transformation, transformation can occur by 
applying a sufficiently high stress to the material in the austenitic phase. This stress 
causes a stress-induced transformation from austenite to martensite. If the temperature is 
sufficiently high so the SMA is completely in the austenite phase at zero stress, the SMA 
_______________ 
This thesis follows the style of the American Institute of Aeronautics and Astronautics 
Journal. 
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transforms back from martensite to austenite upon unloading and shape recovery is 
observed. This SMA material behavior is called the pseudoelastic effect [3]. A 
pseudoelastic loading path in the SMA stress-temperature phase diagram is presented in 
Fig. 1. The stress-strain diagram associated with this pseudoelastic loading path is 
presented in Fig. 2. 
 
 
Fig. 1 A pseudoelastic loading path. 
 
 
 
Martensite 
Stress, σ 
Temperature, T 𝑀𝑠 𝑀𝑓 𝐴𝑠 𝐴𝑓 
𝜎𝑀𝑠 
𝜎𝑀𝑓 
𝜎𝐴𝑠 
𝜎𝐴𝑓 Austenite 
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Fig. 2 A pseudoelastic stress-strain diagram. 
 
 
As the size of SMAs is reduced to the micro and nano scales, it has been found that the 
material properties exhibit size dependency. Opposite to bulk materials, which material 
properties are not size dependent, various micro and nano materials show changes in 
their material properties as their size vary [1]. The dependency of the material properties 
on the size of the studied specimen is called size effect in this work. Size effects on the 
thermo-elastic properties of SMAs micro and nano structures have gained an increasing 
attention due to the existing and potential applications of such structures in MEMS and 
small scale biomedical devices. In order to enhance the applicability of SMA micro and 
nano structures, the size effects on their thermo-elastic behavior should be understood. 
 
Applications of SMAs in small scale devices already exist in various MEMS in form of 
thin films, mostly due to their actuation capabilities [4 – 9]. Such shape memory alloy 
thin films have been mainly fabricated by sputtering, and exhibit both pseudoelastic and 
Martensite 
Stress, σ 
Strain, ε 
𝜎𝑀𝑠 
𝜎𝑀𝑓 
𝜎𝐴𝑠 
𝜎𝐴𝑓 
Austenite 
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shape memory properties [10, 11]. Although such films have thicknesses below 15 μm, 
the essential properties of shape memory effect and pseudoelasticity have been utilized 
in applications using their largest dimensions above the millimeter size [12]. Therefore, 
there are several questions about the size effects on the thermo-mechanical behavior of 
SMAs at small scales that remain unanswered.  
 
Characterization of the thermo-mechanical properties of SMA micro and nano structures 
represents many challenges due to the extremely small dimensions of the materials. The 
widely used techniques for characterization of small scale materials are mechanical 
resonant methods [13], atomic force microscope based methods [14] and nanoindenter 
based methods (used either as indenter or uniaxial compression device) [15, 16]. The 
following sections provide a literature review of previous studies in the size effects of 
SMAs and the objectives of this research.  
 
Literature review of size effects on SMA behavior 
The efforts of explaining size effects in SMA behavior at small scales can be abridged 
under two categories: constrained and non-constrained structures. Constrained structures 
are in their majority particles and thin films embedded in a matrix. Unconstrained 
structures include free-standing micro and nano wires, particles, compression pillars, etc. 
 
Among the size effects found in SMA behavior in constrained structures, it can be 
mentioned the suppression of martensitic phase transformation in NiTi thin films below 
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~50 nm thickness found by electrical resistivity measurements [17] and mechanical 
testing [18]. It was suggested that the chemical composition of the film was altered and 
the phase transformation was restricted by the formation of surface oxide interfacial 
diffusion layers [18]. Also, spatial constrains by the film surface and the film/substrate 
interface beget incompatibilities between the martensite and austenite phase that 
eventually hinder the lattice distortion and twinning [17]. 
 
Thermally induced martensitic phase transformation of nanocrystalline NiTi was shown 
to be completely suppressed for nano-grains with characteristic length below 60 nm [19], 
and it was revealed a (001) compound twinning behavior for grains between 60 and 100 
nm [20]. It was also reported that NiTi films up to 10 μm thickness demonstrate lower 
transformation temperatures than bulk NiTi of same chemical composition [21]. A 
significant decrease in martensitic transformation strain was observed for NiTi films 
with 500 nm thickness as compared to thicker films [22]. NiTiCu nanoparticles 
embedded in an amorphous matrix revealed the presence of a critical size for 
suppression of martensitic transformation. It was reported that the transformed 
nanocrystal volume reduced as the size of the crystal decreased and the martensitic phase 
transformation was fully suppressed at a critical size of less than 16 nm [23]. 
Contradicting other previously mentioned experiment results, no significant difference in 
the thermo-mechanical behavior of Ni-Ti-Cu shape memory films with ~1 μm thickness 
and bulk was found by substrate-curvature measurements [24].  
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Studies performed in non-constrained structures also demonstrated size effects in the 
SMAs thermo-mechanical behavior. Free-standing AuCd nanoparticles were observed to 
retain bulk-like martensitic transformation temperatures when their size is ~46 nm but 
showed a lower transformation temperature once their sizes are down to 6 nm [25]. 
Transmission electron microscope studies on free-standing In-Tl nanowires reported that 
no size effect is present in temperature induced phase transformation within the diameter 
range of 650-10 nm [1]. NiTi nanopowders also presented thermally-induced martensitic 
phase transformation in an average crystal size of ~50 nm [26]. 
 
Studies in compression pillars have been performed to determine the size effects on 
pseudoelasticity and shape memory effect. Pseudoelasticity was observed in NiTi pillars 
with diameters between 2 μm and 400 nm. It was observed that pseudoelasticity was no 
longer present for pillars with diameters below 200 nm [27, 28]. Compression pillars 
made of CuNiAl in the size range between 900 nm and 1.6 μm presented pseudoelastic 
behavior and shape memory effect in bending pillars with 300 nm and 1.8 μm diameters 
[29, 30]. It was shown in such studies that there is a significant size effect in the critical 
phase transformation stresses and stress hysteresis. Such size effects are similar to the 
ones presented in studies of deformation in metals and metal systems, where it is shown 
that the materials become stiffer or stronger (e. g. their elastic modulus or yield strength 
increases, respectively) when their sizes become smaller, usually down to micro and 
nano scales [31–38]. 
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Research objectives and outline 
The two main objectives of this research are to model the size effects on the critical 
transformation stresses of single crystal NiTi (50.9 at% Ni) micro-pillars and to perform 
parametric studies using the model to find the effects of aspect ratio and taper angle on 
the pseudoelastic behavior of such pillars. The studied micro-pillars were fabricated 
using focused ion beam (FIB) machining. In this method, small scale pillars are created 
from thin films by removing material from the film until obtain the desired pillar size 
and shape. An advantage of this technique is that it provides freedom to create micro-
pillars of different sizes. Further information about FIB machining can be found 
elsewhere [39–46]. The geometric parameters of the pillar used in this work are depicted 
in Fig. 3. 
 
 
Fig. 3 Geometric parameters of a pillar. 
 
 
The studied uniaxial compression experiments in the micro-pillars were performed using 
a nanoindenter. Similar compression experiments in micro-pillars with the objective of 
Taper 
angle 
𝐷 𝐿 
𝐿2 
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determine size effects were also performed in the past [47–50]. Isothermal compression 
tests in NiTi bulk and micro-pillars from literature will be analyzed to find the critical 
transformation stresses for different pillar sizes. Figure 4 shows the SEM picture of the 
micro-pillar and the geometry used in the finite element analysis is presented in Fig. 5. 
The geometry of the substrate below the micro-pillars was obtained from scanning 
electron microscopy (SEM) images provided in literature (Frick, C. P., Orso, S., and 
Artz, E., “Loss of pseudoelasticity in nickel-titanium sub-micron compression pillars,” 
Acta Materialia, Vol. 55, Issue 11, 2007, pp. 3845–3855 [28]). For simplicity, the 
curved surface of the substrate was modeled as a planar surface. A fillet curve was 
created at the root of the micro-pillars to avoid effects of sharp corners in the 
compression response. It was observed from the SEM images of micro-pillars that the 
root of the micro-pillar is indeed curved and not sharp. The applied displacement pattern 
and location are presented in Fig. 6. 
 
 
Fig. 4 SEM image of a micro-pillar [28]. 
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Fig. 5 Geometry of a pillar in finite element simulation. 
 
 
 
 
Fig. 6 Applied displacement location and pattern. 
  
 
The average diameter of the pillars will be used as their characteristic size. Power 
functions will be used to describe the relations between each of the critical 
transformation stresses and the average pillar diameter. The model will be implemented 
in finite element simulations using ABAQUS. A user-defined material model will be 
implemented in ABAQUS by a user subroutine. It is assumed that the elastic modulus 
and Poisson’s ratios of the austenite and martensite phases, the transformation strain 
𝑢1, uniform 
along the top 
surface of the 
pillar 
−𝑢1 
Time 
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parameters, and the stress influence coefficients are unaffected by the micro-pillar size. 
The transformation stresses will be dependent on the micro-pillar diameter. The material 
properties will be assigned along the micro-pillar by dividing the micro-pillar into 
several sections along its length. Each section will have the transformation temperatures 
corresponding to the section average diameter. The parametric studies will consist in 
simulations of compression test of pillars with different average diameter, aspect ratio, 
and taper angle. The aspect ratio of the pillar is defined in this work as the total length of 
the pillar divided by its average diameter. 
  11 
CHAPTER II 
METHODS 
 
Problem description 
 
Fig. 7 Geometry of solid body 𝛺. 
  
The micro-pillar geometry is presented in Fig. 7. Here, the micro-pillar and the substrate 
are included in the solid body region 𝛺. The compression experiments were considered 
as axisymmetric problems due to the axisymmetry of geometry, boundary conditions and 
?̂? 
𝛺 
𝛤1 
𝛤2 
𝛤3 
𝛤4 
?̂? 
Micro-pillar 
Substrate Axis of 
symmetry 
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material properties along the long axis of the pillar. The substrate height was selected as 
about three times the height of the pillar, and the length in the radial direction of the 
substrate was about three times the diameter of the pillar for all the simulations. 
 
Equilibrium equations 
The general 3-dimensional differential equations of linear momentum equilibrium in 
cylindrical coordinates are presented in Eqs. (1) – (3). The equilibrium equations are 
valid along the entire solid body 𝛺. 1
𝑟
𝜕
𝜕𝑟
(𝑟𝜎𝑟𝑟) + 1𝑟 𝜕𝜕𝜃 (𝜎𝑟𝜃) + 𝜕𝜕𝑧 𝜎𝑟𝑧 − 𝜎𝜃𝜃𝑟 + 𝑏𝑟 = 0                           (1) 1
𝑟
𝜕
𝜕𝑟
(𝑟𝜎𝑧𝑟) + 1𝑟 𝜎𝑧𝜃 + 𝜕𝜕𝑧 𝜎𝑧𝑧 + 𝑏𝑧 = 0                                    (2) 1
𝑟2
𝜕
𝜕𝑟
(𝑟2𝜎𝜃𝑟) + 1𝑟 𝜕𝜕𝜃 (𝜎𝜃𝜃) + 𝜕𝜕𝑧 𝜎𝜃𝑧 + 𝑏𝜃 = 0                            (3) 
For an axisymmetric problem these equations reduce to 1
𝑟
𝜕
𝜕𝑟
(𝑟𝜎𝑟𝑟) + 𝜕𝜕𝑧 𝜎𝑟𝑧 − 𝜎𝜃𝜃𝑟 + 𝑏𝑟 = 0                                      (4) 
 1
𝑟
𝜕
𝜕𝑟
(𝑟𝜎𝑧𝑟) + 𝜕𝜕𝑧 𝜎𝑧𝑧 + 𝑏𝑧 = 0                                            (5) 
 
Boundary conditions 
The bottom and the outside boundary of the substrate were fixed. The compression 
experiments were simulated by applying a uniform displacement 𝑢1 at the top surface of 
the pillar in many steps and measuring the reaction force for each step. Such boundary 
conditions are defined by the following equations 
  13 
𝑢𝑧 = 𝑢1, on 𝛤1                                                           (6) 
 
𝑢𝑟 = 0, on 𝛤2                                                            (7) 
 
𝝈 ∙ 𝑛� = 0, on 𝛤3                                                          (8) 
 
𝑢𝑟 = 𝑢𝑧 = 0, on 𝛤4                                                       (9) 
 
Constitutive relation 
The SMA material behavior analyzed in this study is called the pseudoelastic effect [3]. 
In addition to thermally induced phase transformation, transformation can occur by 
applying a sufficiently high stress to the material in the austenitic phase. This results in a 
stress-induced transformation from austenite to martensite. If the temperature is 
sufficiently high so the SMA is completely in the austenite phase at zero stress, the SMA 
transforms back from martensite to austenite upon unloading and shape recovery is 
observed. In order to capture such material behavior, a constitutive model for SMAs was 
required.  
 
The constitutive model for SMAs used in this problem has been presented in detail by 
Lagoudas et al [3]. In this model, the Gibbs free energy is selected to be the 
thermodynamic potential. The Gibbs free energy is a function of the independent state 
variable stress 𝝈, temperature 𝑇, and the state variables 𝜉 and 𝜺. The total Gibbs free 
energy is given by 
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𝐺(𝝈,𝑇, 𝜉, 𝜺𝑡) = − 12𝜌𝝈:𝑺:𝝈 − 1𝜌 𝝈: [𝜶(𝑇 − 𝑇0) + 𝜺𝑡] + 
𝑐 �(𝑇 − 𝑇0) − 𝑇ln � 𝑇𝑇0�� − 𝑠0𝑇 + 𝑢0 + 1𝜌 𝑓(𝜉)                  (10)  
The material parameters 𝑺, 𝜶, 𝑐, 𝑠0, and 𝑢0 are the effective compliance tensor, the 
thermal expansion tensor, the effective specific heat, the effective specific entropy at the 
reference state, and the effective specific internal energy at the reference state, 
respectively. The function 𝑓(𝜉) is a transformation hardening function. The material 
parameters are defined using the rule of mixtures as 
𝑺 = 𝑺𝐴 + 𝜉(𝑺𝑀 − 𝑺𝐴)                                                   (11) 
𝜶 = 𝜶𝐴 + 𝜉(𝜶𝑀 − 𝜶𝐴)                                                   (12) 
𝑐 = 𝑐𝐴 + 𝜉(𝑐𝑀 − 𝑐𝐴)                                                   (13) 
𝑠0 = 𝑠0𝐴 + 𝜉(𝑠0𝑀 − 𝑠0𝐴)                                                 (14) 
𝑢0 = 𝑢0𝐴 + 𝜉(𝑢0𝑀 − 𝑢0𝐴)                                                (15) 
The total strain is given by 
𝜺 = 𝑺:𝝈 + 𝜶(𝑇 − 𝑇0) + 𝜺𝑡                                             (16) 
In this model, it is assumed that any change in the current microstructural state of the 
material is strictly a result of a change in the martensitic volume fraction [3]. Given this 
assumption, the relation between the transformation strain tensor and the martensitic 
volume fraction is expressed by 
?̇?𝑡 = 𝜦?̇?                                                               (17) 
Where 𝜦 is the transformation tensor, which determines the transformation strain 
direction. Two different forms of 𝜦 are implemented 
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𝜦 =
⎩
⎨
⎧
32𝐻𝑚𝑎𝑥 𝝈′𝜎�′ ,     ?̇? > 0
𝐻𝑚𝑎𝑥
𝜺𝑡−𝑟
𝜀?̅?−𝑟
,      ?̇? < 0                                                (18) 
The deviatoric stress tensor, 𝝈′, the effective (von Mises equivalent) stress, 𝜎�′, and the 
effective transformation strain at the reversal of the phase transformation, 𝜀?̅?−𝑟, are given 
by 
𝝈′ = 𝝈 − 13 tr(𝝈)𝟏                                                       (19) 
𝜎�′ = �32 ‖𝝈′‖2                                                          (20) 
𝜀?̅?−𝑟 = �23 ‖𝜺𝑡−𝑟‖2                                                       (21) 
It can be shown [3] that by substituting Eq. (17) into the Clausius-Planck inequality one 
obtain 
�𝝈:𝜦 − 𝜌𝜕𝐺
𝜕𝜉
� ?̇? = 𝜋?̇? ≥ 0                                                (22) 
Where 𝜋 is the general thermodynamic force conjugated to 𝜉 and is given by 
𝜋 = 𝝈:𝜦 + 12𝝈:∆𝑺:𝝈 + ∆𝜶:𝝈(𝑇 − 𝑇0) − 
𝜌∆𝑐 �(𝑇 − 𝑇0) − 𝑇ln �𝑇𝑇0�� + 𝜌∆𝑠0𝑇 − 𝜌∆𝑢0 − 𝜕𝑓𝜕𝜉                 (23) 
Where the prefix ∆ indicates the difference of a quantity between the martensitic and 
austenitic phases. Certain assumptions for the forward and reverse transformation [3] 
allow it to be captured by introducing a transformation function given by 
  16 
Ф = � 𝜋 − 𝑌,     ?̇? > 0
−𝜋 − 𝑌,      ?̇? < 0                                                 (24) 
Constraints on the evolution of the martensitic volume fraction are expressed in terms of 
the Kuhn-Tucker conditions as 
?̇? ≥ 0,    Ф = 𝜋 − 𝑌 ≤ 0,    Ф?̇? = 0           ?̇? ≤ 0,    Ф = −𝜋 − 𝑌 ≤ 0,    Ф?̇? = 0                                       (25) 
The hardening function used in this study was the one provided by the constitutive 
model presented by Boyd and Lagoudas [3] and it is given by 
𝑓(𝜉) = �12𝜌𝑏𝑀𝜉2 + (µ1 + µ2)𝜉,     ?̇? > 012𝜌𝑏𝐴𝜉2 + (µ1 − µ2)𝜉,      ?̇? < 0                                    (26) 
The material parameters 𝑏𝑀, 𝑏𝐴, µ1, and µ2 are model parameters that can be determined 
experimentally. These parameters, along with 𝑌 are defined in the quadratic polynomial 
hardening function model [3] as 
𝑌 = 14𝜌∆𝑠0�𝑀𝑠 + 𝑀𝑓 − 𝐴𝑓 − 𝐴𝑠�                                       (27) 
𝑏𝐴 = −∆𝑠0𝐴�𝐴𝑓 − 𝐴𝑠�                                                 (28) 
𝑏𝑀 = −∆𝑠0𝑀�𝑀𝑠 − 𝑀𝑓�                                                (29) 
𝜇1 = 12𝜌∆𝑠0�𝑀𝑠 + 𝐴𝑓� − 𝜌∆𝑢0                                          (30) 
𝜇2 = 14𝜌∆𝑠0�𝐴𝑠 − 𝑀𝑓 − 𝐴𝑓 + 𝑀𝑠�                                       (31) 
Literature data from bulk NiTi with the same stoichiometry and similar crystallography 
of the studied micro-pillars were used to obtain the transformation strain parameters, the 
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elastic modulus of the austenite and martensite phases, the stress influence coefficients, 
and the stress-strain pseudoelastic response of bulk NiTi [51–54]. Only pseudoelastic 
experiments where clear transformation was observed and plasticity effects were not 
significantly high were utilized for this study. Micro-pillars of average diameters of 
approximately 2135 nm, 1900 nm, and 450 nm were studied [28].  The approximate 
micro-pillars average diameters were calculated from the geometric parameters provided 
in the source. In order to find the critical transformation stresses from the stress-strain 
pseudoelastic responses, straight lines were drawn along the elastic and transformation 
regions. The stresses at the intersections of these lines were assumed to be the critical 
transformation stresses. Figure 8 show the line drawing in NiTi with the critical 
transformation stresses at the intersections of the lines. 
 
 
Fig. 8 Bulk NiTi pseudoelastic response [54] with calibration lines.  
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The previous step allowed for determination of the critical transformation stresses for 
different pillar diameters. Power functions of the form of Eq. (32) were used to model 
the four critical transformation stresses as functions of the average pillar diameters. 
𝜎𝑀𝑓 = 𝐴𝐷𝐵 + 𝐶                                                          (32) 
Where the parameters 𝐴, 𝐵 and 𝐶 are found by fitting a power curve into the critical 
transformation stress vs. average pillar diameter data. Each of the critical transformation 
stresses has different values for those parameters. Since the simulated experiments are 
isothermal, 𝑇 is equal 𝑇0 for all cases, this assumption allows 𝜶 and 𝑐 not be needed for 
this study. In order to fully define the required material parameters of the SMA, some 
parameters needed to be found. These parameters are the change of specific entropy of 
austenite at reference state 𝛥𝑠0𝐴, the change of specific entropy of martensite at reference 
state 𝛥𝑠0𝑀, and the change in the compliance tensor due to transformation ΔS. For the 1-
dimensional case of uniaxial loading of an SMA cylindrical pillar along its long axis, the 
stress tensor has only one non-zero component. Due to the fact that the stress tensor has 
one non-zero component for the 1-D compression case, the fourth-order compliance 
tensor can be reduced to a scalar S. The material parameters 𝛥𝑠0𝐴,  𝛥𝑠0𝑀, and ΔS  can be 
found by solving the following equations 
𝜌𝛥𝑠0
𝐴 = –𝐻𝑚𝑎𝑥𝐶𝐴                                                    (33) 
𝜌𝛥𝑠0
𝑀 = –𝐻𝑚𝑎𝑥𝐶𝑀                                                    (34) 
𝛥𝑆 = 12 � 1𝐸𝑀 − 1𝐸𝐴�                                                     (35) 
  19 
Here, the stress influence coefficients 𝐶𝐴 and 𝐶𝑀 are the stress influence coefficients of 
austenite and martensite, respectively. Once those values are defined, the transformation 
temperatures at zero stress are given by the following equations 12𝛥𝑆(𝜎𝑀𝑠)2  +  𝜎𝑀𝑠𝐻𝑚𝑎𝑥  +  𝜌𝛥𝑠0𝑀(𝑇  – 𝑀𝑠)  =  0                     (36) 12𝛥𝑆(𝜎𝑀𝑓)2  +  𝜎𝑀𝑓𝐻𝑚𝑎𝑥  +  𝜌𝛥𝑠0𝑀(𝑇  – 𝑀𝑠) −  𝜌𝑏𝑀 =  0             (37) 12𝛥𝑆(𝜎𝐴𝑓)2  +  𝜎𝐴𝑓𝐻𝑚𝑎𝑥  +  𝜌𝛥𝑠0𝐴(𝑇  – 𝐴𝑓)  =  0                     (38) 12𝛥𝑆(𝜎𝐴𝑠)2  +  𝜎𝐴𝑠𝐻𝑚𝑎𝑥  +  𝜌𝛥𝑠0𝐴�𝑇  –  𝐴𝑓� −  𝜌𝑏𝐴 =  0                 (39) 
At this point, the nine equations (27) – (31) and (36) – (39) have nine unknowns, the 
four transformation temperatures at zero stress and the model parameters 𝑌, 𝑏𝑀, 𝑏𝐴, µ1, 
and µ2. Those equations can be solved to find all the required parameters that define the 
SMA constitutive behavior. As shown in Eq. (32), the SMA parameters are dependent 
on 𝐷. It was assumed that the size effect of the pillar diameter only affects the 
transformation stresses and temperatures while 𝐸𝐴, 𝐸𝑀, 𝐶𝐴, 𝐶𝑀 and the transformation 
strain parameters are size independent. Plasticity was not taken into account in the 
model. The transformation temperatures of the substrate were assumed to be those of 
bulk. Each micro-pillar was assigned with the transformation temperatures 
corresponding to their diameter. In cases where the diameter was not constant the micro-
pillar was divided into ten sections along its long dimension as shown in Fig. 9. Each 
section was assigned the transformation temperatures corresponding to its average 
diameter. The substrate was assumed to have the properties of bulk SMA. 
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Fig. 9 Micro-pillar divided into sections along its long dimension. 
 
 
Kinematic equations 
The strain-displacement equations for the axisymmetric problem given by the following 
equations 
𝜀𝑟𝑟 = 𝜕𝑢𝑟𝜕𝑟                                                              (40) 
𝜀𝑧𝑧 = 𝜕𝑢𝑧𝜕𝑧                                                              (41) 
𝜀𝜃𝜃 = 𝑢𝑟𝑟                                                               (42) 
𝛾𝑟𝑧 = 𝜕𝑢𝑟𝜕𝑧 + 𝜕𝑢𝑧𝜕𝑟 = 𝜀𝑟𝑧 + 𝜀𝑧𝑟 = 2𝜀𝑟𝑧                                    (43) 
The boundary value problem was solved using ABAQUS finite element analysis 
software. The following section provides a description of the finite element simulations. 
 
 
  21 
Finite element analysis 
Once the material properties of the SMA were defined for different micro-pillar sizes 
using the previous model, the compression experiments from literature were simulated 
using the finite element analysis. The finite element mesh for the simulations is 
presented in Fig. 10. 
 
Fig 10. Micro-pillar and substrate finite element mesh. 
 
 
Simulating the experiments from literature was needed to verify whether the model 
captures the SMA thermo-elastic behavior and the studied size effect. To simulate the 
?̂? 
?̂? 
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compression experiments from literature, pillars with constant diameter were used. The 
diameter of the each simulated pillar corresponded to the average diameter of the 
experiments. In order to compare the results from the simulation with the stress-strain 
experimental data the force-displacement output from the finite element analysis was 
converted into stress-strain using Eq. (44) and Eq. (45). 
𝜎 =  4𝐹
π𝐷2
                                                            (44) 
𝜀 =  𝑢1
𝐿
                                                              (45) 
For the parametric studies, the average pillar diameter, aspect ratio and taper angle were 
varied. Pillars with average diameters of 500 nm, 2000 nm and 5000 nm were simulated. 
It is expected that the critical transformation stresses would be more sensible to a slight 
change in diameter as the pillar diameter decreases due to the non-linear behavior 
introduced by the critical transformation stresses-diameter power function. The studied 
aspect ratios were 1.5, 3 and 5. Simulation of micro-pillars with higher aspect ratios may 
be unrealistic since experimental micro-pillars of high aspect ratios usually experience 
buckling due to their own weight [28]. The studied taper angles were 0°, 4° and 10°. The 
material properties of the SMA were inputted in ABAQUS using a user material 
subroutine. Details of the implementation of the user material subroutine for shape 
memory alloy modeling have been provided by several authors in the past [56–59]. 
Figure 11 shows the parametric studies test matrix. 
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Fig 11. Parametric studies test matrix.
Experiments 
Parametric 
studies 
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CHAPTER III 
RESULTS 
 
Figure 12 shows the critical transformation stresses of the experiments from literature 
plotted vs. the average pillar diameter. Figure 13 shows a closed view of Fig. 12 for the 
specific range of studied diameters in the case studies. The power functions used to 
model the critical transformation stresses are also presented. The power function 
parameters 𝐴, 𝐵 and 𝐶 are presented in Table 1. It is observable that all four critical 
transformation stresses increase as the average pillar diameter decreases. The power fits 
captured the bulk and 450 nm diameter’s transformation stresses with good accuracy, but 
the 2135 nm and 1900 nm diameter’s transformation stresses were not accurately fitted 
for 𝜎𝐴𝑠, 𝜎𝑀𝑠 and 𝜎𝑀𝑓. The reason is that the fit could not pass through those points 
because they were very close in diameter (relative to the studied range of diameters) but 
had a significant difference between their transformation stresses. 
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Fig. 12 Critical transformation stresses vs. average pillar diameter.  
 
 
 
Fig. 13 Critical transformation stresses for small pillar diameters. 
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Table 1 Power function parameters. 
Critical Transformation Stress 𝐴 𝐵 𝐶 
𝜎𝐴𝑓 466.0 –0.1593 40.69 
𝜎𝐴𝑠 521.6 –0.5774 346.2 
𝜎𝑀𝑠 649.4 –0.5408 516.6 
𝜎𝑀𝑓 751.2 –0.5510 703.2 
 
To illustrate the size effect on the overall thermo-elastic material behavior, the stress-
temperature phase diagrams of bulk, a pillar of 1000 nm diameter, and a pillar of 500 nm 
diameter are presented. Figure 14 shows the martensite transformation lines and Fig. 15 
shows the austenite transformation lines. In those figures, the shift in transformation 
temperatures due to the size effect is observed. According to the presented model, the 
transformation temperatures at zero stress decrease as the pillar diameter decrease. This 
decrease in transformation temperatures at zero stress as the average pillar diameter 
decreases allows the SMA to have higher critical transformation stresses at room 
temperature. 
 
 
Fig. 14 Stress-temperature phase diagram with transformation to martensite 
boundaries for different pillar diameters. 
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Fig. 15 Stress-temperature phase diagram with transformation to austenite 
boundaries for different pillar diameters. 
 
Figures 16 – 19 show the results of the finite element simulation plotted with the 
experimental data. The simulated compression response captured the experimental data 
with an acceptable accuracy. As expected 𝜎𝐴𝑠, 𝜎𝑀𝑠 and 𝜎𝑀𝑓 do not seem to exactly 
match the experimental data for the pillars of 2135 nm and 1900 nm, this was due to the 
discrepancies between the estimated transformation stresses and the power fits. 
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Fig. 16 Comparison of experimental [54] and simulated responses for bulk pillar. 
 
 
Fig. 17 Comparison of experimental [28] and simulated responses for pillar of 
~2135 nm diameter. 
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Fig. 18 Comparison of experimental [28] and simulated responses for pillar of 
~1900 nm diameter. 
 
 
Fig. 19 Comparison of experimental [28] and simulated responses for pillar of ~450 
nm diameter. 
 
As stated in the previous chapter. Parametric studies were performed by simulating 
compression tests in micro-pillars of different diameter, aspect ratio, and taper angle. 
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First, the effects of taper angle were studied. Figures 20–28 show the results of pillars of 
500, 2000, and 5000 nm average diameters with aspect ratios of 1.5, 3 and 5. 
 
 
 
Fig. 20 Force vs. displacement for micro-pillars with average diameter of 500 nm 
and aspect ratio of 1.5. 
 
 
 
 
Fig. 21 Force vs. displacement for micro-pillars with average diameter of 500 nm 
and aspect ratio of 3. 
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Fig. 22 Force vs. displacement for micro-pillars with average diameter of 500 nm 
and aspect ratio of 5. 
 
 
 
 
Fig. 23 Force vs. displacement for micro-pillars with average diameter of 2000 nm 
and aspect ratio of 1.5. 
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Fig. 24 Force vs. displacement for micro-pillars with average diameter of 2000 nm 
and aspect ratio of 3. 
 
 
 
 
Fig. 25 Force vs. displacement for micro-pillars with average diameter of 2000 nm 
and aspect ratio of 5. 
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Fig. 26 Force vs. displacement for micro-pillars with average diameter of 5000 nm 
and aspect ratio of 1.5. 
 
 
 
 
Fig. 27 Force vs. displacement for micro-pillars with average diameter of 5000 nm 
and aspect ratio of 3. 
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Fig. 28 Force vs. displacement for micro-pillars with average diameter of 5000 nm 
and aspect ratio of 5. 
 
 
It is observed from the previous figures that the hysteresis of the micro-pillar response 
significantly decreases as the taper angle increases for pillars with high aspect ratios. 
This is due to a non-uniform stress distribution along the pillar, which results into non-
uniform transformation along the pillar. Due to this non-uniform distribution, there are 
regions of the pillar that are fully austenite, fully martensite, and in transformation 
during most of the loading. The mixture of the austenite, martensite and transforming 
regions along the pillar creates an apparent force-displacement slope that does not 
correspond to the elastic modulus of any of the two phases. This force-displacement 
slope does not vary too much in a magnitude, making the force-displacement response 
closer to a straight line as the taper angle increases. Figure 29 show the martensite 
volume fraction for a micro-pillar of 500 nm diameter, aspect ratio of 5 and taper angle 
of 0 degrees. Figure 30 show the martensite volume fraction of a micro-pillar of 500 nm 
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diameter, aspect ratio of 5 and taper angle of 10 degrees. It should be noted that any 
regions with martensite volume fraction slightly greater than 1 or lower than 0 are due to 
slight numerical errors. Figures 29–30 show the conditions at maximum displacement 
(5%) of the pillar length. 
 
 
Fig. 29 Martensite volume fraction at maximum displacement of a micro-pillar of 
500 nm average diameter, aspect ratio of 5, and taper angle of 0 degrees. 
 
 
Martensite volume 
fraction 
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Fig. 30 Martensite volume fraction at maximum displacement of a micro-pillar of 
500 nm average diameter, aspect ratio of 5, and taper angle of 10 degrees. 
 
From the previous figures one can observe that the stress and martensite volume fraction 
are fairly uniform along most of the micro-pillar with zero degree taper angle. Figure 30 
shows a region at the top of the pillar fully transformed to martensite, one region at the 
middle of the pillar in incomplete transformation, and a region at the bottom of the pillar 
fully austenite. As previously stated, this mixture of regions with different stiffness 
creates a force-displacement response with a slope that does not change in great 
magnitude during the entire loading. This causes the hysteresis to decrease. For pillars 
with low taper angle, the typical pseudoelastic response is observed and the loadings 
where most of the pillar experienced transformation were clearly identified. 
 
The region at the top of the pillar has lower diameter that the bottom region therefore 
higher transformation stresses due to the size effect. Even though the regions of smaller 
Martensite volume 
fraction 
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diameters experience higher stress than those of higher diameters, they may transform at 
about the same loading range of the regions of higher diameters since their 
transformation stresses are higher. This is why for pillars with low taper angles the 
force-displacement response is very similar to that of the zero taper angle pillars. 
However, for high taper angles where the stress distribution along the pillar is highly 
uneven, the transformation along the pillar occurs at different loadings regardless of the 
size effect. To illustrate this, Fig. 31 shows the comparison between the pseudoelastic 
response of pillars of 500 nm average diameter, aspect ratio of 5, and taper angle of 10°, 
one with sectioned region properties and the other with average diameter constant 
properties. Here, it is observable that their responses are almost the same. Figure 32 
shows the martensite volume fraction of a micro-pillar of 500 nm diameter, aspect ratio 
of 5 and taper angle of 10° with constant average diameter properties along its length. 
Here, it is observable that the martensite volume fraction distribution of the micro-pillar 
with constant average diameter properties is very similar to that of the micro-pillar 
divided into sections presented in Fig. 30. 
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Fig. 31 Stress-strain behavior of micro-pillars of 500 nm average diameter, aspect 
ratio of 5, and taper angle of 10 degrees. 
 
 
 
Fig. 32 Martensite volume fraction at maximum displacement of a micro-pillar of 
500 nm average diameter, aspect ratio of 5, and taper angle of 10 degrees with 
average diameter properties along its length. 
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Figures 33–41 show the responses of micro-pillars with equal aspect ratio and taper 
angles but different average diameters. Here, the force-displacement data was converted 
into stress-strain using Eqs. (44) and (45). 
 
 
 
Fig. 33 Average stress vs. strain for micro-pillars with aspect ratio of 1.5 and taper 
angle of zero degrees. 
 
 
 
 
Fig. 34 Average stress vs. strain for micro-pillars with aspect ratio of 1.5 and taper 
angle of 4 degrees. 
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Fig. 35 Average stress vs. strain for micro-pillars with aspect ratio of 1.5 and taper 
angle of 10 degrees. 
 
 
 
Fig. 36 Average stress vs. strain for micro-pillars with aspect ratio of 3 and taper 
angle of zero degrees. 
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Fig. 37 Average stress vs. strain for micro-pillars with aspect ratio of 3 and taper 
angle of 4 degrees. 
 
 
 
Fig. 38 Average stress vs. strain for micro-pillars with aspect ratio of 3 and taper 
angle of 10 degrees. 
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Fig. 39 Average stress vs. strain for micro-pillars with aspect ratio of 5 and taper 
angle of zero degrees. 
 
 
 
 
Fig. 40 Average stress vs. strain for micro-pillars with aspect ratio of 5 and taper 
angle of 4 degrees. 
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Fig. 41 Average stress vs. strain for micro-pillars with aspect ratio of 5 and taper 
angle of 10 degrees. 
 
From the previous figures, one can observe the change in the pillar compression 
response for pillars of equal aspect ratio and taper angle but different average diameter. 
The differences from the responses of pillars of equal aspect ratio and taper angle are 
due to the size effect. In pillars with low aspect ratios and low taper angles the size effect 
on the transformation stresses is clearly revealed in the stress-strain response. For pillars 
with high aspect ratio and high taper angle the size effect does not significantly affect the 
stress-strain response of the micro-pillars, this case is clearly revealed by comparing Fig. 
33 (micro-pillar with zero taper angle and aspect ratio of 1.5) and Fig. 41 (micro-pillar 
with taper angle of 10° and aspect ratio of 5). In Fig. 44 one can observe that the 
responses for pillars with average diameters of 500 nm, 2000 nm, and 5000 nm are very 
similar regardless of the size effect. Here, the stresses at the top of the micro-pillar were 
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the pillar does not transform uniformly. As previously stated, as the taper angle 
increases, the stress-strain response gets more similar to a line and it has a slope that 
does not vary excessively during the entire loading. This is why the differences in the 
responses do not seem to be significantly affected by the size effect.   
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CHAPTER IV 
SUMMARY AND CONCLUSIONS 
 
Isothermal compression experiments from literature of bulk and micro NiTi (50.9 at% 
Ni) pillars were analyzed to determine the critical transformation stresses for different 
pillar diameters. The analysis of experimental data shows that the transformation stresses 
increase as the micro-pillar average diameter decreases. The relations between the 
critical transformation stresses and the pillar diameter were modeled using power 
functions. It was assumed that the elastic modulus of the austenite and martensite phases, 
the transformation strain parameters, and stress influence coefficients are independent of 
the micro-pillar size. The model was implemented in ABAQUS using a user material 
subroutine. In the simulations, the tapered pillars were divided into ten sections along 
their long dimension. Each section was assigned with the transformation temperatures at 
zero stress corresponding to the average diameter of the section. A displacement of 5% 
the pillar length was applied at the top of the pillar in several steps, measuring reaction 
force for each step. 
 
The proposed size effect captures well the micro-pillars pseudoelastic behavior. 
Comparisons between simulations and experiments show that the model accurately 
predicts the pseudoelastic response of bulk and micro-pillars. Parametric studies were 
performed to find the effects of taper angle and aspect ratio on the micro-pillars 
behavior. The results from the parametric studies show that the hysteresis of the 
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compression response decreases as the taper angle increases. The size effect of the 
micro-pillar diameter on their compression response is less significant for micro-pillars 
of higher aspect ratios and higher taper angles. This is due to a non-uniform stress 
distribution along the pillar, which results into non-uniform transformation along the 
pillar. Due to this non-uniform distribution, there are regions of the pillar that are fully 
austenite, fully martensite, and in transformation during most of the loading. The 
mixture of the austenite, martensite and transforming regions along the pillar creates an 
apparent force-displacement slope that does not correspond to the elastic modulus of any 
of the two phases. This force-displacement slope does not vary too much in a magnitude, 
making the force-displacement response closer to a straight line as the taper angle 
increases. 
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